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Stability and (quasi-)localization of gravitational fluctuations in Eddington-Inspired
Born-Infeld brane system
Qi-Ming Fu∗, Li Zhao†, Ke Yang‡, Bao-Min Gu§, Yu-Xiao Liu¶
Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China
Stability and localization of the gravitational perturbations for a special brane system in
Eddington-inspired Born-Infeld (EiBI) gravity were studied in [Phys. Rev. D 85, 124053 (2012)].
In this paper, we show that the gravitational perturbations for a general brane system are stable,
the four-dimensional graviton (massless KK graviton) can be localized on the brane, and the mass
spectrum of massive KK gravitons are gapless and continuous. Two models are constructed as
examples. In the first model, which is a generalization of [Phys. Rev. D 85, 124053 (2012)], the
brane has no inner structure and there is no gravitational resonance (quasi-localized KK gravitons).
In the second one, the background scalar field is a double-kink when the parameter in the model
approaches its critical value. Correspondingly, the brane has inner structure and some gravitational
resonances appear.
PACS numbers: 04.50.Kd, 04.50.-h, 11.27.+d
I. INTRODUCTION
It is known that Einstein’s general relativity (GR) is a
metric theory of gravity, and the gravitational action is
given by the Einstein-Hilbert one
SEH(g) =
1
16piGd
∫
ddx
√−g(gMNRMN (g)− 2Λ), (1)
where Gd the d-dimensional Newtonian gravitational
constant, g = |gMN | is the determinant of the metric
of spacetime gMN , RMN (g) is the Ricci tensor of that
metric, and Λ is the cosmological constant. Several years
after Einstein published his GR, Eddington introduced
an alternative proposal for the gravitational theory in
1924 [1, 2], called Eddington gravity. In this theory, only
the connection Γ is the fundamental field and the action
is given by
SEdd(Γ) =
b
8piG
∫
ddx
√
−|RMN (Γ)|, (2)
where b is a parameter with mass dimension −2, RMN (Γ)
is the symmetric part of the Ricci tensor constructed
solely from the connection Γ. Eddington’s theory of
gravity is equivalent or dual to Einstein’s GR contain-
ing only a cosmological constant, but it is incomplete
because matter is not included.
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Later, inspired by Eddington’s theory of gravity [1, 2]
and Born-Infeld theory of electrodynamics [3], some met-
ric and Palatini Born-Infeld theories of gravity were pre-
sented for examples in Refs. [4–8]. Here, we are inter-
esting in the Palatini theory in Ref. [5–8], which is called
Eddington-inspired Born-Infeld (EiBI) gravity. This the-
ory couples the matter fields in the conventional way. In-
stead of insisting on a purely affine action, EiBI gravity is
based on a Palatini-type formulation, which means that
the metric and connection are regarded as independent
physical entities. The action is given by [5–8]
S(g,Γ,Ψ) =
1
8piGb
∫
ddx
[√
−|gMN + bRMN (Γ)|
−λ√−g
]
+ SM(g,Ψ), (3)
where λ is a dimensionless parameter with nonvanishing
value in order for the field equations to have meaning
when matter fields are absent (see Ref. [8] for the detail),
Γ is the connection field independent of the metric, and
SM(g,Ψ) is the matter action, in which the matter fields
only couple to the metric. A key feature of EiBI theory is
that it reduces to GR when matter fields are absent, but
presents a different behavior from GR in the presence of
matter fields. Similar to Born-Infeld theory of electrody-
namics which removes the divergence of the self-energy
of a point-like charge [3], EiBI theory may avoid the cos-
mological singularities and some undesirable features of
Einstein’s theory [8, 9]. Therefore, this theory has been
employed to investigate the relevant cosmological, astro-
physical and other issues. For examples, the problem of
dark matter and dark energy [10, 11], the structure of
compact stars [9, 12–14], large scale structure formation
[15], cosmological perturbations of a homogeneous space-
2time [16–20], black holes and strong gravitational lensing
[21, 22], observational discrimination from general rela-
tivity [23], and the generalized gravities [24, 25].
Recently, it was found by Odintsov, Olmo, and
Rubiera-Garcia that EiBI gravity can be naturally ex-
tended the following f(|Ωˆ|) theory [26]:
Sf (g,Γ,Ψ) =
1
8piGb
∫
ddx
√−g
[
f(|Ωˆ|)− λ
]
+SM(g,Ψ), (4)
where Ωˆ is the representation of ΩMN in matrix notation,
and ΩMN is defined as Ω
M
N ≡ gMP (gPN + bRPN(Γ)) =
δMN + bg
MPRPN (Γ). It can be seen that EiBI gravity
is the case of f(|Ωˆ|) = |Ωˆ|1/2. The authors focused on
the family of theories f(|Ωˆ|) = |Ωˆ|n. Some interesting
results were obtained. For example, the bouncing solu-
tions persist in all the studied models (from n = 13 up to
n = 10), and the dynamics of GR at lower curvatures for
arbitrary values of n > 0 can be recovered smoothly [26].
On the other hand, in the 1920s, in order to unify elec-
tromagnetism and Einstein’s gravity, Kaluza and Klein
(KK) first introduced the idea of extra dimensions and
assumed that the electromagnetic field originates from
a part of a five-dimensional metric tensor [27, 28]. The
KK theory opens up a way to investigate higher dimen-
sional theory. However, it had not been drawn enough
attention until the developments of superstring theories
in the late 1970s and 1980s. But in these theories, the
size of extra dimensions is the order of the Planck length.
So detecting the extra dimensions is hopeless. Subse-
quently, Akama, Rubakov, and Shaposhnikov proposed
a remarkable braneworld scenario [29, 30]. In this sce-
nario, our four-dimensional world is a braneworld or do-
main wall embedded in a higher-dimensional spacetime,
where the extra dimensions can be infinite and so does
not need to be compacted to the Planck scale. The idea of
braneworld has attracted more and more attention after
Arkani-Hamed-Dimopoulos-Dvali (ADD) model (with fi-
nite but large extra dimensions) [31, 32] and Randall-
Sundrum (RS) model (with a finite of infinite extra dime-
sion) [33, 34] proposed in the late 1990s. These two mod-
els suggest that the standard model particles are trapped
on a four-dimensional hypersurface (braneworld) by a
natural mechanism, while gravity can propagate in ex-
tra dimensions. In RS model the brane is infinitely thin.
So more realistic thick brane models have been taken into
consideration [35–50]. These ideas have appeared as the
alternatives to solve some long existing problems, such as
the gauge hierarchy and the cosmological constant prob-
lems [31–34]. And, they may also provide us new per-
spectives to understand our Universe. For a review see
Refs.[51–53].
Generally, the configuration of a thick brane is decided
by the scalar field, the gravity theory, and the ways of
scalar-gravity coupling. With a same scalar field con-
figuration but different gravity theories, the solutions of
the brane can be different, vice versa. Hence, by inves-
tigating the braneworld models, we can make a deeper
understanding not only on our four-dimensional world
but also on different gravity theories. There are some in-
vestigations on braneworld models in modified gravities,
see Refs. [54–56] for examples.
In Ref. [57], a thick braneworld model in EiBI grav-
ity with a background scalar field was investigated. A
braneworld solution was obtained and the stability of
gravitational perturbations was analyzed for a special
model, where the authors considered a special relation
between the scalar field φ(y) and wrap factor a(y):
φ′(y) = Ka2(y). It was found that the gravitational
zero mode is localized on the brane and hence the four-
dimensional Einstein gravity can be recovered on the
brane at low energy. The gravitational perturbations are
stable for this special model [57].
In this paper, we are interested in the stability problem
of gravitational perturbations for a more general EiBI
braneworld model. (The recent research in general rela-
tivity can be found in Refs. [58, 59].) It will be shown
that the gravitational perturbations are stable for this
general model. We will construct two typical brane mod-
els as examples, one with inner brane structure and the
other without. The first model is the generalization of
the special model considered in Ref. [57] and can be
solved analytically. It does not support brane solution
with inner brane structure and there is no gravitational
resonances. The second model leads to interesting brane
solution with inner brane structure, in which the scalar
field has the configuration of kink, double-kink, or anti-
kink. This inner brane structure results in the gravita-
tional resonances on the EiBI brane.
The paper is organized as follows. In Sec. II, we con-
struct the five-dimensional brane models in Palatini EiBI
gravity, and give the domain wall solutions for two ex-
plicit models. In Sec. III, gravitational fluctuations are
investigated for the general flat braneworld models in
EiBI gravity. Then, by using the Schro¨dinger-like equa-
tion satisfied by the gravitational fluctuations, we analyze
the localization of the gravity zero mode and the quasi-
localization of the massive gravity KK modes. Finally,
the conclusion and discussion are presented in Sec. IV.
II. THE EIBI BRANE MODELS AND
SOLUTIONS
Now, we construct the five-dimensional brane models
in Palatini EiBI gravity [5–8, 26] with the brane gen-
erated by a real scalar field φ. We mainly consider for
simplicity the case of f(|Ωˆ|) = |Ωˆ|1/2, which corresponds
to the action of the original EiBI gravity. The action is
given by
S =
∫
d5x
√−g
[ 1
κb
(|Ωˆ| 12 − λ)]+ SM(g, φ), (5)
where κ = 8piG5 with G5 the five-dimensional Newtonian
gravitational constant. Note that in this paper we only
3consider Palatini EiBI gravity, for which the scalar field φ
only couples to the spacetime metric gMN . In this case,
one can show the conservation equation ∇MTMN = 0
(here ∇ is compatible with the metric gMN ) and so the
Einstein equivalence principle is satisfied.
In the Palatini formulation the connection Γ and the
metric gMN are treated as independent fields. So, the
field equations for Palatini EiBI gravity theory can be
derived by varying the action (5) with respect to the met-
ric field gMN and the connection field Γ
P
MN , respectively.
The equations of motion can be written as follows:
|Ωˆ| 12 qMN − λgMN = −bκTMN , (6)
qMN = gMN + bRMN , (7)
where the energy-momentum tensor TMN is defined
as the standard energy-momentum tensor: TMN ≡
− 2√−g
δLM(g,φ)
δgMN
with indices lowered by the metric gMN .
Here qMN is an auxiliary metric and compatible with the
connection Γ, i.e., ΓPMN =
1
2q
PL(qLM,N+qLN,M−qMN,L)
is the Christoffel symbol of the auxiliary metric. Then
with the use of Eq. (7), the first equation of motion (6)
can be rewritten as
√−q qMN = λ√−g gMN − bκ√−g TMN , (8)
where we have considered |Ωˆ| 12 =
√−q√−g . Note that q
MN
is the inverse of qMN : q
MNqMP = δ
N
P . The full action
is taken as the EiBI action (5) with the matter part given
by a scalar field:
SM =
∫
d5x
√−g
[
−1
2
gMN∂Mφ∂Nφ− V (φ)
]
, (9)
where V (φ) is the scalar potential. Then, the matter field
equation is given by
1√−g∂M (
√−g∂Mφ) = dV
dφ
. (10)
A complete set of equations of the theory are consisted
of Eqs. (7), (8), and (10). The proof of their consistence
can be found in appendix A.
In this paper, we are interested in the static flat brane
with four-dimensional Lorentz invariance, for which the
most general forms of the spacetime and auxiliary metrics
read as [34]
ds2 = gMNdx
MdxN = a2(y)ηµνdx
µdxν + dy2, (11a)
ds˜2 = qMNdx
MdxN = u(y)ηµνdx
µdxν + v(y)dy2, (11b)
where a, u, and v are functions of the extra dimension
coordinate y, and the background scalar field φ is also a
function of y, to be consistent with the four-dimensional
Poincare´ invariance of the metric (11a). Here the func-
tion a(y) in the above metric is the so-called warp factor.
In the famous Randall-Sundrum brane model, it is given
by a(y) = exp(−k|y|), and it is just the configuration
that solves the gauge hierarchy problem [34].
By considering the spacetime metric (11a) and the aux-
iliary metric (11b), the nonvanishing components of the
Ricci tensor RMN (Γ) and the energy-momentum tensor
TMN are given by
Rµν =
uu′v′ − 2v(u′2 + uu′′)
4uv2
ηµν , (12a)
R55 =
uu′v′ + v(u′2 − 2uu′′)
u2v
, (12b)
and
T µν = −a−2
[
1
2
φ′2 + V (φ)
]
ηµν , (13a)
T 55 =
1
2
φ′2 − V (φ). (13b)
Then Eqs. (7) and (8) are reduced to
u = a2 + b
uu′v′ − 2v(u′2 + uu′′)
4uv2
, (14a)
v = 1 + b
uu′v′ + v(u′2 − 2uu′′)
u2v
, (14b)
and
u = Ξ+
1
3 Ξ−
1
3 a2, (15a)
v = Ξ+
4
3 Ξ−−
2
3 , (15b)
respectively, where the prime denotes the derivative with
respect to the extra dimension coordinate y, and Ξ± =
λ + bκ
(
V ± 12φ′2
)
. The explicit equation of motion for
the scalar field (10) is
4
a′
a
φ′ + φ′′ =
∂V
∂φ
. (16)
Now we get five equations (14)-(16) for five functions
u, v, a, φ, and V (φ). However, by substituting the ex-
pressions of the auxiliary metric functions u and v in Eq.
(15) into Eq. (14), we finally obtain three equations for
three functions a, φ, and V (φ).
Next, we will give the EiBI-brane solutions. The brane
system is determined by the three variables a(y), φ(y),
and V (φ), which obey Eqs. (14a), (14b), and (16). How-
ever, the three equations are not independent because of
the conservation of the energy-momentum. So the sys-
tem cannot be solved uniquely. Therefore, we need to
introduce some relations between these variables or the
assumption of the scalar potential V (φ). Since the differ-
ential equations (14) contain third-order derivative of the
scalar field φ(y) and second-order derivative of the warp
factor a(y), it is very difficult to solve them analytically
with a given scalar potential V (φ).
In Ref. [57], a relation between the warp factor and
the background scalar field, φ′(y) = Ka2(y), was in-
troduced and an analytic solution was found. In what
follows, we will first introduce a generalized relation,
φ′(y) = Ka2n(y), and give the analytic solution. Then,
we will put forward a new relation, φ′(y) = K1a2(y)(1−
K2a
2(y)), and solve the equations of motion numerically.
4A. Model A: φ′(y) = Ka2n(y)
With the expectation that the scalar is a kink solution,
we assume the relation φ′(y) = Ka2n(y) with K a con-
stant parameter and n a positive integer, with which the
potential can be derived from Eq. (16) as
V (y) =
n+ 2
2n
K2a4n(y) + V0, (17)
where V0 is the integral constant representing the scalar
vacuum energy density. Then, substituting (17) into
(15), we get
u(y) =
(
λ˜+
n+1
n
bκK2a4n
) 1
3
(
λ˜+
1
n
bκK2a4n
) 1
3
a2,(18)
v(y) =
(
λ˜+
n+1
n
bκK2a4n
) 4
3
(
λ˜+
1
n
bκK2a4n
)− 23
, (19)
where λ˜ = λ + bκV0. It can be seen that the above
expressions are very complex and the solution of the warp
factor is hard to find. In order to get a simple solution,
we take λ˜ = 0 by fixing the scalar vacuum energy density
as V0 = − λbκ . Then, the auxiliary metric functions are
reduced to
u(y) = α
(
n+ 1
n2
)1/3
a(y)
8n
3 +2, (20a)
v(y) = α
(
n+ 1√
n
)4/3
a(y)
8n
3 , (20b)
with α = (bκK2)2/3. Now, substituting Eq. (20) into
Eq. (14) yields
1−
(
n+ 1
n2
)1/3
α a
8n
3 (y)− b(4n+ 3)
2
3(n+ 1)
a′2(y)
a2(y)
−b(4n+ 3)
3(n+ 1)
a′′(y)
a(y)
= 0, (21)
1−
(
n+ 1
n2
)1/3
(n+ 1)α a
8n
3 (y)
−4b
3
(4n+ 3)
a′′(y)
a(y)
= 0, (22)
where the prime denotes the derivative with respect to
y. The solution is
a(y) = sech
3
4n (ky) , (23)
φ(y) =
2K
k
(
iE(iky/2, 2) + sech
1
2 (ky) sinh(ky)
)
, (24)
with
K = ± (1 + 4n/3)
3/4
(n+ 1)
√
n
bκ
, (25)
k =
2n√
3b(4n+ 3)
. (26)
The function E in the solution (24) is an elliptic integral
function. It can be seen that the scalar filed has the con-
figuration of a kink with φ(±∞) = ±2Re(E(2))K/k =
±1.19814K/k ≡ ±v0. The positive K corresponds to
the kink solution and the negative to the anti-kink. In
this paper we only consider the kink solution. When
n = 1, the solution given in (23) and (24) is reduced to
the one found in Ref. [57]: a(y) = sech3/4( 2√
21b
y), φ(y) =
± 75/4
2×31/4√κ (iE(
iy√
21b
, 2) + sech1/2( 2y√
21b
) sinh( 2y√
21b
)).
For the above solution, the scalar potential (17) reads
as
V (y) =
(n+ 2)(1 + 4n/3)3/2
2(n+ 1)2bκ
sech3 (ky)− λ
bκ
. (27)
From the relation φ′(y) = Ka2n and (17), we have
∂V
∂φ = 2(n + 2)Ka
2n−1a′ and ∂
2V
∂φ2 = 2(n + 2)
(
(2n −
1)a−2a′+a−1a′′
)
. Then, with the expression of the warp
factor (23), it is easy to show that ∂V∂φ = 0 and
∂2V
∂φ2 > 0
when φ = ±v0. Therefore, φ(±∞) = ±v0 are the two
vacua of the scalar potential, and the scalar field with
kink configuration connects the two vacua. This is the
same as the thick Randall-Sundrum brane world scenario
in the frame of general relativity.
To check if the above system describes a thick brane
world scenario, we calculate the energy density of the
system, which is defined as ρ = TMNU
MUN − V0 with
UM the velocity of the static observer. It is given by
ρ = a2(y)T00 − λ
bκ
=
n+ 1
n
K2sech3(ky), (28)
which indeed denotes a thick brane world located around
y = 0. The thickness of the brane can be approximated
as d = 1/k =
√
3b(4n+ 3)/(2n). For n = 1 we have
d =
√
21b/2, while for large n we can write d =
√
3b/n.
Hence, the brane becomes thinner with the increase of the
parameter n. The behavior of the solution with different
n is shown in Fig. 1.
As is well known, in Einstein’s gravity, the kink con-
figuration of a scalar field will result in an asymptotic
AdS spacetime. Now we analyze the asymptotic struc-
ture of the five-dimensional spacetime in EiBI gravity
theory considered in this section. With the warp factor
(23) and the functions of the auxiliary metric (20), the
Ricci scalar curvature reads as
R = gMNRMN (Γ) =
1
3b(n+ 1)
[4n(n+ 2)
− (4n+ 3)(n+ 5) tanh2(ky), (29)
from which, we have R(y → ±∞)→ −5/b < 0. It means
that the bulk spacetime is asymptotically AdS at the
boundary of the extra dimension. This is consistent with
the brane configuration that matter mainly distributes
on the brane and AdS vacuum left far away from it.
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FIG. 1: The shapes of the wrap factor a(y), scalar field φ(y),
energy density ρ(y), and scalar potential V (y) for the model
A. The parameter n is set to n = 1, 5, 10, 50, with the thicker
line corresponds to the larger n. The other parameters are
set to b = 1/3, κ = 1, and λ = 1.
B. Model B: φ′(y) = K1 a
2(y)
(
1−K2 a
2(y)
)
For the purpose of constructing a double-kink solution,
we suppose
φ′(y) = K1 a2(y)
(
1−K2 a2(y)
)
, (30)
with K1 and K2 real parameters. Then, Eq. (16) can be
easily solved as
V (y) =
3
2
K21a
4 − 7
3
K21K2a
6 +K21K
2
2a
8 + V0, (31)
where the integral constant V0 represents the scalar vac-
uum energy density. Thus, Eq. (15) can be expressed as
u(y) = 6−
2
3Υ
1
3
1Υ
1
3
2 a
2, (32a)
v(y) = 6−
2
3Υ
4
3
1Υ
− 23
2 , (32b)
where
Υ1 = 12bK
2
1κa
4−20bK21K2κa6+9bK21K22κa8+6λ˜, (33)
Υ2 = 6bK
2
1κa
4−8bK21K2κa6+3bK21K22κa8+6λ˜, (34)
and λ˜ = λ + bκV0. With the same trick, we also fix
the integral constant V0 by setting λ˜ = 0 to simplify
the calculation, namely, V0 = − λbκ . Then, the auxiliary
metric can be simplified as
u(y) = (α/6)
2
3
(
12− 20K2a2 + 9K22a4
) 1
3
(
6− 8K2a2 + 3K22a4
) 1
3 a
14
3 , (35)
v(y) = (α/6)
2
3
(
12− 20K2a2 + 9K22a4
) 4
3
(
6− 8K2a2 + 3K22a4
)− 23 a 83 , (36)
where the parameter α = bK21κ.
Equation (14) can be solved numerically with the fol-
lowing initial conditions:
a(0) = 1, a′(0) = 0. (37)
We then study the behavior of the warp factor a(y) and
scalar field φ(y) around y = 0. To this end, we expand
the warp factor as a(y) = 1+py2+O(y4), which satisfies
the conditions given in (37). Then from the relation (30),
we have φ′(y) = K1(1−K2)+2K1(1− 2K2)py2+O(y4).
Substituting these expanded form into Eqs. (14) and
solving them at the lowest order, we get
p = a′′(0) = − 3(K2 − 1)
2
(
9K22 − 20K2 + 12
)
168− 576K2 + 750K22 − 440K32 + 99K42
(≤ 0),
α = ± 6
(
11K22 − 24K2 + 14
)3/2
(3K22 − 8K2 + 6)1/2 (9K22 − 20K2 + 12)2
(> 0), K1 = ±
√
α
bκ
. (38)
The parameter K1 is fixed by the equations of motion,
and K2 is a free parameter. For positive and negative b,
α takes the positive and negative solutions, respectively.
The two solutions of K1 in fact correspond to the kink
and anti-kink configurations of the scalar φ(y), and both
of them describe the same one system. In this paper, we
only consider the positive solution for K1 without loss of
generality. So φ′(0) = K1(1 −K2) is positive for K2 < 1
and negative for K2 > 1. On the other hand, note that
a′′(0) is always negative for anyK2 6= 1. Hence,K2 = 1 is
a critical point. When |y| → ∞, the asymptotic solution
for the wrap factor is
a(y)→ exp(−1
2
√
3
7b
|y|). (39)
Here we need b > 0 in order to have the exponentially
decreasing function, which is a very important feature of
6Randall-Sundrum brane world model and is related to
the localization of four-dimensional gravity.
The shapes of the solutions are shown in Fig. 2. It can
be seen that the wrap factor and energy density become
fatter first and then thinner with the increase of K2, or
more accurately, they become fatter when K2 → 1. Cor-
respondingly, the scalar field has a single kink config-
uration when K2 far away from the first critical point
K
(c1)
2 = 1 and has a double kink configuration when
K2 → 1.
However, the shapes of the scalar field around the ori-
gin of the extra dimension is largely different from the
case in GR, and they are not the standard double kink
solutions. Note that the scalar field has an anti-kink con-
figuration for large positive K2, which can be analyzed
from the numerical solution of a(y) and the expression
φ(y) = K1
∫ y
0
a2(y)
(
1 − K2 a2(y)
)
dy derived from the
relation (30). For large enough K2, the integrand will
be negative in some region such that the integral from
0 to ∞ would be negative. From this analysis, we can
conclude that there exists the second critical point of K2,
calledK
(c2)
2 , which is larger than 1 and decided by the pa-
rameters κ, b, and λ. WhenK2 < K
(c2)
2 we always get the
kink solution, and when K2 > K
(c2)
2 we get the anti-kink
one. When K2 = K
(c2)
2 , we get a critical kink solution
with φ(0) = 0, φ′(0) < 0, and φ(±∞) = 0, see Fig. 3(a).
Besides, we also give the relation between φ(+∞) andK2
in Fig. 3(b), from which we can see that φ(+∞) increases
with K2 when K2 < 1 − δ1 or 1 < K2 < 1 + δ2, where
δi are some positive constants decided by the parame-
ters κ, b, and λ. However, it decreases with K2 when
1 − δ1 < K2 < 1 or K2 > 1 + δ2. Note that there are
two zero points for φ(+∞). The first one is at K2 = 1,
for which the solution is trivial (a(y) = 1, φ(y) = 0) and
does not denote a brane system. The second one is at
K2 = K
(c2)
2 .
III. LOCALIZATION OF GRAVITY
In a brane model, the stability of the system under the
perturbations of the spacetime metric and whether mat-
ter fields as well as the tensor zero mode of the metric
perturbations can be localized on the brane are two im-
portant issues. Generally speaking, the four-dimensional
massless graviton should be localized on the brane in or-
der to reproduce the familiar four-dimensional Newto-
nian potential.
The stability problem of the tensor fluctuations of the
brane metric has been investigated in Ref. [57] only for
the special model of φ′(y) = Ka2(y). Here, we will gen-
eralize the result of Ref. [57] to a general model.
Now, we consider the tensor fluctuations of the space-
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FIG. 2: The shapes of the wrap factor a(y), scalar field φ(y) ,
energy density ρ(y), and scalar potential V (y) for the model
B. The parameters are set to b = 1, κ = 1, λ = 1, and K2 =
−2 (red dashed line), K2 = 0.99 (blue thick dashed line),
K2 = 1.01 (black thick line), K2 = 2 (blue thin line).
time metric and auxiliary metric:
dsˆ2 = gˆMN (x, y)dx
MdxN
= a2(y)[ηµν + hµν(x, y)]dx
µdxν + dy2, (40)
dˆ˜s2 = qˆMN (x, y)dx
MdxN
= u(y)[ηµν + γµν(x, y)]dx
µdxν + v(y)dy2, (41)
where hµν and γµν represent respectively the tensor fluc-
tuations of the background spacetime metric and auxil-
iary metric, and they are transverse-traceless (TT), i.e.
ηµβ∂βhµν = 0 and h≡ηµνhµν = 0, so does γµν . For the
tensor perturbation, the scalar field fluctuation is decou-
pled and the perturbation equation is
u
v
h′′µν +
(
2u′
v
− uv
′
2v2
)
h′µν +
(4)hµν = 0, (42)
where (4) = ηµν∂µ∂ν stands for the four-dimensional
D’Alembertian. By making a coordinate transformation
dy =
√
u(z)
v(z) dz, Eq. (42) can be rewritten as
∂z,zhµν +
3∂zu(z)
2u(z)
∂zhµν +
(4)hµν = 0. (43)
Further, by making the KK decomposition of hµν as
hµν(x, z) = εµν(x)f(z)H(z), (44)
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where
f(z) = exp
(
−
∫
3u′
4u
dz
)
, (45)
is a function which cancels the first derivative of H(z) in
order to form the Schro¨dinger-like equation.
Inserting Eq. (44) into Eq. (43), we can get the fol-
lowing two equations
(4)εµν(x) = m
2εµν(x), (46)(− ∂2z + U(z))H(z) = m2H(z). (47)
Equation (46) is the Klein-Gordon equation for the four-
dimensional massless (m = 0) or massive (m 6= 0) gravi-
ton, while Eq. (47) is the equation of motion for the
KK modes, which is a Schro¨dinger-like equation with the
effective potential U(z) given by
U(z) =
2(∂zf(z))
2
f2(z)
− ∂
2
zf(z)
f(z)
. (48)
Equation (47) can be rewritten as the supersymmetric
form L†LH(z) = m2H(z) with
L =
( d
dz
+
∂zf
f
)
, (49)
L† =
(
− d
dz
+
∂zf
f
)
. (50)
As the operator L†L is hermitian and positive definite,
this ensures that m2 > 0 and so m is real. Thus, there
is no tachyonic KK mode and it is possible to obtain
a normalizable zero mode solution, which is responsible
for gravity localization. By setting m = 0 and solving
Eq. (47), we get the zero mode
H0(z) = N0f
−1(z) = N0 exp
(∫ 3u′
4u
dz
)
= N0u
3
4 . (51)
Here N0 is a normalization constant. The integration of
the zero mode is expressed as
∫
H20 (z)dz =
∫
H20
√
v(y)
u(y)
dy =
∫
N20u
3
2
√
v(y)
u(y)
dy
=
∫
N20u
√
vdy <∞. (52)
Now we need to know whether the tensor zero mode
is normalized on the brane for a general model. To
this end, we need to analyze whether the above inte-
gration is convergent. It is not hard to see that the
brane should be embedded in an asymptotic AdS space-
time, for which the asymptotic solutions of the scalar field
and scalar potential are respectively φ(y → ±∞) → v0
and V (y → ±∞) → V0, where v0 and V0 are the vac-
uum expectation value of the scalar and a five dimen-
sional cosmological constant. Considering these asymp-
totic behaviors as well as Eq. (15), we obtain u(y →
±∞) ∝ a2(y) and v(y → ±∞) ∝ c with c a positive con-
stant. As a result, the normalization condition reduces
to
∫
a2(y)dy < ∞. The asymptotic solution of the wrap
factor is a(y → ±∞) → e−k0|y| for an asymptotic AdS
spacetime, where k0 is a positive constant. Since the inte-
gral
∫
e−2k0|y|dy is convergent, the tensor zero mode can
be localized on the brane embedded in an AdS spacetime.
In the following two subsections, we will investigate
the localization of the gravity zero mode and the quasi-
localization of the massive gravity KK modes for the
brane solutions considered in previous section, respec-
tively.
A. Localization of the gravity zero mode
For model A, from Eqs. (20a) and (45), we have
f(z) = a(z)−
4n+3
2 . (53)
Then, the potential U(z) is read as
U(z) =
(4n+ 3)∂z,za
2a
+
(4n+ 3)(4n+ 1)∂za
2
4a2
, (54)
and the Hamiltonian can be factorized as
H =
( d
dz
+
(4n+ 3)∂za
2a
)(
− d
dz
+
(4n+ 3)∂za
2a
)
. (55)
The zero mode is
H0(z) = N0a(z)
(4n+3)
2 , (56)
8where the normalization constant N0 is fixed by the
normalization condition
∫
H20 (z)dz =
∫
H20
dy
a(z) =∫
N20a(y)
4n+2dy = 1. With the solution of the warp fac-
tor a(y) = sech
3
4n (ky) for model A, N0 is calculated as
N−20 =
2
3
2n+4
2n+ 1
√
1
3
b(4n+ 3)
2F1
(
3
4
(
1
n
+ 2
)
,
3
2n
+ 3,
3
4n
+
5
2
,−1
)
.(57)
So, the gravity zero mode is localized on the brane and
the four-dimensional gravity can be indeed recovered.
Next we consider model B. With Eq. (32a), we have
f(z) = a−
7
2 (6−K2a2 + 3K22a4)−
1
4
(12− 20K2a2 + 9K22a4)−
1
4 . (58)
Inserting the above f(z) into Eq. (48), we can get the
effective potential for model B:
U(z) =
3
4
a−2(6− 8K2a2 + 3K22a4)−2(12− 20K2a2 + 9K22a4)−2 ×
[(
60480− 445824K2a2 + 1406496K22a4
−2501856K32a6 + 2760996K42a8 − 1944256K52a10 + 856140K62a12 − 216216K72a14 + 24057K82a16
)
(∂za)
2
+ 2a
(
12096− 77760K2a2 + 220416K22a4 − 359856K32a6 + 370236K42a8
− 245936K52a10 + 103080K62a12 − 24948K72a14 + 2673K82a16
)
∂2za
]
. (59)
The zero mode is
H0(z) = C0a
7
2 (6−K2a2 + 3K22a4)
1
4
(12− 20K2a2 + 9K22a4)
1
4 , (60)
where, C0 is a normalization constant. For the brane
solution (39) obtained in the previous section, it is easy to
check that the corresponding gravity zero mode for model
B is normalizable:
∫
H20 (z)dz < ∞. Figure 4 shows the
shape of the zero mode, and it shows that the zero mode
is localized on the brane.
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FIG. 4: The gravity zero mode H0(z) for the model B. The
parameters are set to b = 1, κ = 1, λ = 1, and K2 = −2 (red
dashed line), K2 = 0.99 (blue thick dashed line), K2 = 1.01
(black thick line), K2 = 2 (blue thin line).
B. Quasi-localization of the massive gravity KK
modes
In this subsection, we mainly analyze quasi-
localization of the massive gravity KK modes in model
B. Figures 5(a), 5(c), 6(a), and 6(c) show the effective
potentials U(z) for the KK modes of the tensor fluctua-
tions with K2 = −2, K2 = 0.99, K2 = 1.01, and K2 = 2,
respectively. Analyzing the shapes of the effective po-
tentials inspires us to investigate the possibility of grav-
ity resonances with the relative probability method pre-
sented in Ref. [60] for fermions. The gravity resonances
are those massive KK modes corresponding to peaks in
the relative probability P (m2) as a function of the mass
square of the gravity KK modes [60]:
P (m2) =
∫ zb
−zb |H(z)|2dz∫ zmax
−zmax |H(z)|2dz
. (61)
Here 2zb is approximately the coordinate width between
the two maxima of the potential U(z) and zmax is set
to zmax= 10zb. It is obvious that when m
2 ≫ Umax
(Umax is the maximum value of U(z)), the KK mode is
approximately plane wave and hence the value of P (m2)
is of about zb/zmax = 0.1. Note that, one can also use
other methods used in Refs. [61].
We investigate the massive KK modes of gravity by
solving Eq. (47). From Fig. 5, we see that when K2 =
−2 and K2 = 2 there is no any peak for the massive
KK modes of gravity. The further numerical calculation
shows that there is no gravity resonance when K2 is far
away from its critical value 1.
Figure 6 shows the effective potential U(z) and rel-
ative probability P (m2) of the gravity KK modes with
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FIG. 5: The effective potential U(z) and of the gravity KK
modes for the model B. The parameters are set to b = 1, κ =
1, λ = 1, and K2 = −2 (upper) and K2 = 2 (lower). The red
thick dashed and blue thin lines are for odd and even parities,
respectively.
K2 → 1. From Fig. 6(b), we can see that there are
two gravitational resonances for the set of parameters
b = 1, κ = λ = 1,K2 = 0.99, and the mass spectra of the
resonances are calculated as
m2 = {0.012, 0.044}. (62)
Figure 6(d) shows that, for another set of parameters
b = 1, κ = λ = 1,K2 = 1.01, there are four resonances
with the mass spectrum given by
m2 = {0.004, 0.015, 0.034, 0.058}. (63)
Here, we only count the resonances whose mass m sat-
isfies m2 < Umax, where Umax is the maximum of the
effective potential. The shapes of the first several KK res-
onances Hn(z) (n = 1, 2, 3, 4) are plotted in Figs. 7 and
8 for K2 = 0.99 and K2 = 1.01, respectively. It can be
seen that those modes with lower resonances mass look
like bound KK modes, and they are also called quasi-
bound modes. Note that we can take the n = 0 level
mode H0(z) as the four-dimensional massless graviton,
which is the only one bound state. Comparing Fig. 6(a)
and Fig. 6(c), we find that the number of the resonances
increases with the width of the potential well.
IV. CONCLUSIONS AND DISCUSSION
In this paper, we investigated the localization and res-
onances of gravity in the EiBI-brane system. A general
equation of motion for the gravitational fluctuations was
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FIG. 6: The effective potential U(z) and relative probability
P (m2) of the gravity KK modes for the model B. The param-
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(a)H1(z) (b)H2(z)
FIG. 7: The lower resonances of gravity KK modes H1(z) and
H2(z) for the model B. The parameter are set to b = 1, κ =
λ = 1, K2 = 0.99.
obtained for the general bane model. This equation was
converted to a Schrodinger-like equation, and the corre-
sponding Hamiltonian could be factorized and the zero
mode was also analytically solved. It was shown that the
tensor perturbations are stable and the gravitational zero
mode can be localized on the brane for the general brane
system.
By assuming a restriction φ′(y) = Ka(y)2n, i.e., a gen-
eralized relation based on Ref. [57], we obtained an ana-
lytical solution of the wrap factor and background scalar
field. As y → ±∞, the scalar approaches ±v0, which
is indeed a kink solution with ±v0 corresponding to the
two vacua of the potential. The thickness of the brane
decreases with the parameter n. The brane is embedded
in a five-dimensional AdS spacetime.
Furthermore, a relation φ′(y) = K1a(y)2(1−K2a(y)2)
was investigated as another example. The parameter K1
is fixed as K1 = ±
√
α
bk by the equation of motion, and
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FIG. 8: The lower resonances of gravity KK modes
H1(z),H2(z),H3(z), and H4(z) for the model B. The param-
eter are set to b = 1, κ = λ = 1, K2 = 1.01.
K2 is a dimensionless free parameter. Without loss of
generality, we considered four different cases ofK2: K2 =
−2, 2, 0.99, 1.01. It was demonstrated that, the scalar
field has a single kink configuration which corresponds
to a single brane without inner structure when K2 is far
away from the first critical point K
(c1)
2 = 1, and has
a double kink configuration which corresponds to a flat
brane with inner structure when K2 → 1. There also
exists the second critical point of K2, i.e., K
(c2)
2 , which
is larger than 1 and decided by the parameters κ, b, and
λ. The solution of the scalar is always a kink when K2 <
K
(c2)
2 , and it is an anti-kink when K2 > K
(c2)
2 .
For the second model, the effective potential in the
Schro¨dinger-like equation for gravitational fluctuation
may have an interesting inner structure: a volcano-like
shape with two potential wells. Such potential struc-
ture results in a massless mode (zero mode or four-
dimensional massless graviton) and a set of continuous
massive modes, and may lead to some discrete resonant
KK modes. It was found that there is no resonance when
the brane has no inner structure. While, the resonances
will appear when K2 → 1, for which the brane and hence
the effective potential will have inner structure. The
number of the resonances increases with the width of the
potential well.
The localization of fermion on the brane is an impor-
tant and interesting question. In order to localize fermion
on the brane, we usually need to consider the Yukawa
coupling between the fermion and the background scalar
field. In our models, the scalar field has kink, double
kink, or anti-kink solution. So we expect that the local-
ization of fermion on the EiBI brane can present some
appealing features. This leaves for our future research.
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Appendix A: The consistence of the system
It is known that EiBI theory (5) can be expressed as
the following bimetric action [62–64]:
S = SG(gMN , q
MN ) + SM (gMN , φ)
=
1
2κ
∫
d5x
[√−q(R(q)− 3
b
)
+
1
b
(
√−qqMNgMN − 2λ
√−g)
]
+ SM (gMN , φ). (A1)
It is obvious that the gravity action SG(gMN , q
MN ) in
(A1) is diffeomorphism invariant when considered in iso-
lation, i.e., δSG = 0. We can write the variation in SG
under a diffeomorphism as [65]
δSG=
∫
d5x
δSG
δgMN
δgMN +
∫
d5x
δSG
δqMN
δqMN . (A2)
Note that δSGδqMN = 0 is actually the equation of motion
for qMN because matters do not couple with it. If the
diffeomorphism is generated by an infinitesimal vector
field V N(x), the infinitesimal change in the metric is sim-
ply given by its Lie derivative along V N . So we have
δgMN = LV gMN = 2∇(MVN). Considering δSG = 0 and
δSG
δqMN = 0, we have
0 =
∫
d5x
δSG
δgMN
∇MVN
= −
∫
d5xVN∇M
( δSG
δgMN
)
, (A3)
where we have dropped the symmetrization of ∇(MVN)
since δSGδgMN is already symmetric. Thus, we have
∇M
( δSG
δgMN
)
= ∇M (
√−qqMN − λ√−ggMN ) = 0. (A4)
Combining Eqs. (7), (8), and (A4), we can obtain
∇MTMN = 0 naturally. The vanishing covariant deriva-
tive of energy-momentum tensor is consistent with the
equation of motion for the scalar field. Therefore, we
conclude that Eqs. (7), (8), and (10) are consistent with
each other.
11
[1] A. S. Eddington, The mathematical Theory of Relativ-
ity, Cambridge Univ. Press, 1924.
[2] E. Schro¨dinger, Space-time Structure, Cambridge Univ.
Press, 1950.
[3] M. Born and L. Infeld, Proc. R. Soc. Lond.A 144 (1934)
425.
[4] S. Deser and G. W. Gibbons, Classical Quantum Gravity
15 (1998) L35.
[5] D. N. Vollick, Phys. Rev. D 69 (2004) 064030.
[6] D. N. Vollick, Phys. Rev. D 72 (2005) 084026.
[7] D. N. Vollick, Black hole and cosmological space-times in
Born-Infeld-Einstein theory, arXiv:gr-qc/0601136.
[8] M. Ban˜ados and P. G. Ferreira, Phys. Rev. Lett.105
(2010) 011101.
[9] P. Pani, V. Cardoso, and T. Delsate, Phys. Rev.
Lett.107 (2011) 031101.
[10] M. Ban˜ados, Phys. Rev. D 77 (2008) 123534.
[11] M. Ban˜ados, P. G. Ferreira, and C. Skordis, Phys. Rev.
D 79 (2009) 063511.
[12] P. Pani and T. P. Sotiriou, Phys. Rev. Lett.109 (2012)
251102.
[13] Y. H. Sham, L. M. Lin, and P. T. Leung, Phys. Rev. D
86 (2012) 064015.
[14] Y. H. Sham, P. T. Leung, and L. M. Lin, Phys. Rev. D
87 (2013) 061503.
[15] X. L. Du, K. Yang, X. H Meng, and Y. X Liu, Phys.
Rev. D 90 (2014) 044054.
[16] P. P. Avelino and R. Z. Ferreira, Phys. Rev.D 86 (2012)
041501.
[17] C. Escamilla-Rivera, M. Banados, and P. G. Ferreira,
Phys. Rev. D 85 (2012) 087302.
[18] K. Yang, X. L. Du, and Y. X. Liu, Phys. Rev. D 88
(2013) 124037.
[19] M. Lagos, M. Banados, P. G. Ferreira, and S. Garcia-
Saenz, Phys. Rev. D 89 (2014) 024034.
[20] I. Cho and H. C. Kim, Inflationary Tensor Per-
turbation in Eddington-inspired Born-Infeld gravity,
arXiv:1404.6081.
[21] G. J. Olmo, D. Rubiera-Garcia, and H. Sanchis-Alepuz,
Eur. Phys. J. C 74 (2014) 2804.
[22] S. W. Wei, K. Yang, and Y. X. Liu, Black hole solution
and strong gravitational lensing in Eddington-inspired
Born-Infeld gravity, arXiv:1405.2178.
[23] H. Sotani, Phys. Rev. D 89 (2014) 104005.
[24] A. N. Makarenko, S. Odintsov, and G. J. Olmo, Born-
Infeld-f(R) gravity, arXiv:1403.7409.
[25] A. N. Makarenko, S. Odintsov, and G. J. Olmo, Phys.
Lett. B 734 (2014) 36.
[26] S. D. Odintsov, G. J. Olmo, and D. Rubiera-Garcia,
Phys. Rev. D 90 (2014) 044003.
[27] T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berl. Math.
Phys. K. 1 (1921) 966.
[28] O. Klein, Z. Phys. 37 (1926) 895.
[29] K. Akama, Lect. Notes Phys. 176 (1982) 267.
[30] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B
125 (1983) 136.
[31] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali,
Phys. Lett. B 429 (1998) 263.
[32] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G.
R. Dvali, Phys. Lett. B 436 (1998) 257.
[33] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999)
3370.
[34] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999)
4690.
[35] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett. 83
(1999) 4922.
[36] M. Gremm, Phys. Lett. B 478 (2000) 434.
[37] M. Gremm, Phys. Rev. D 62 (2000) 044017.
[38] O. DeWolfe, D. Z. Freedman, S. S. Gubser, and A. Karch,
Phys. Rev. D 62 (2000) 046008.
[39] C. Csaki, J. Erlich, T. J. Hollowood, and Y. Shirman,
Nucl. Phys. B 581 (2000) 309.
[40] T. Gherghetta and A. Pomarol, Nucl. Phys. B 586
(2000) 141.
[41] N. Arkani-Hamed, M. Porrati, and L. Randall, JHEP
08 (2001) 017.
[42] A. Campos, Phys. Rev. Lett. 88 (2002) 141602.
[43] S. Kobayashi, K. Koyama, and J. Soda, Phys. Rev. D
65 (2002) 064014.
[44] A. Z. Wang, Phys. Rev. D 66 (2002) 024024.
[45] C. Charmousis, S. C. Davis, and J. F. Dufaux, JHEP
12 (2003) 029.
[46] D. Bazeia and A. R. Gomes, JHEP 05 (2004) 012.
[47] Y. X. Liu, L. Zhao, X. H. Zhang, and Y. S. Duan, Nucl.
Phys. B 785 (2007) 234.
[48] V. Dzhunushaliev, V. Folomeev, and M. Minamitsuji,
Phys. Rev. D 79 (2009) 024001.
[49] V. Dzhunushaliev, V. Folomeev, B. Kleihaus, and J.
Kunz, JHEP 04 (2010) 130.
[50] Y. X. Liu, Y. Zhong, Z. H. Zhao, and H. T. Li, JHEP
06 (2011) 135.
[51] V. A. Rubakov, Phys. Usp. 44 (2001) 871.
[52] C. Csaki, TASI lectures on extra dimensions and branes,
arXiv:hep-ph/0404096.
12
[53] H. C. Cheng, 2009 TASI Lecture – Introduction to Extra
Dimensions, arXiv:1003.1162.
[54] Y. Zhong, Y. X. Liu, F. W. Chen, and Q. Y. Xie, Warped
Brane worlds in Critical Gravity, arXiv:1403.5109.
[55] F. W. Chen, Y. X. Liu, Y. Zhong, Y. Q. Wang, and S.
F. Wu, Phys. Rev. D 88 (2013) 104033.
[56] A. Balcerzak and M. P. Dabrowski, Phys. Rev. D 84
(2011) 063529.
[57] Y. X. Liu, K. Yang, H. Guo, and Y. Zhong, Phys. Rev.
D 85 (2012) 124053.
[58] S. L. Parameswaran, S. Randjbar-Daemi, and A. Salvio,
JHEP 03 (2009) 136.
[59] A. Ahmed and B. Grzadkowski, JHEP 01 (2013) 177.
[60] Y. X. Liu, J. Yang, Z. H. Zhao, C. E. Fu, and Y. S. Duan,
Phys. Rev. D 80 (2009) 065019.
[61] C. A. S. Almeida, R. Casana, M. M. Ferreira Jr., and A.
R. Gomes, Phys. Rev. D 79 (2009) 125022.
[62] M. Ban˜ados, A. Gomberoff, D. C. Rodrigues, and C. Sko-
rdis, Phys. Rev. D 79 (2009) 063515.
[63] M. Ban˜ados, P. G. Ferreira, and C. Skordis, Phys. Rev.
D 79 (2009) 063511.
[64] T. Delsate and J. Steinhoff, Phys. Rev. Lett. 109 (2012)
021101.
[65] S. M. Carroll, Spacetime and Geometry, Benjamin Cum-
mings press, 2003.
